We study the residual finiteness of free products with amalgamations and //AW-extensions of finitely generated nilpotent groups. We give a characterization in terms of certain conditions satisfied by the associated subgroups. In particular the residual finiteness of these groups implies the possibility of extending the isomorphism of the associated subgroups to an isomorphism of their isolated closures in suitable overgroups of the factors (or the base group in case of HNNextensions).
Introduction

A group G is called residually finite {£%£?) if the intersection of all normal subgroups of finite index in G is trivial. If one considers generalized free p r o d u c t s G = (K * L\A = B, q>) (HNN-extensions G=(t, K\At = B, q>))
the problem is to find conditions on the constituents of these constructions, that is, K, L, A, B, <p (K, A, B, q>) such that the group G is residually finite. G. Baumslag in [3] gives a sufficient condition for the amalgamated free product G = (K * L\A = B, q>) to be residually finite (Proposition 2 of [3] ) and applies it to the case where K and L are finitely generated torsion free nilpotent groups.
In [1] , in the case where, in the //TVJV-extension G -(t, K\t~lAt = B, <p), [2] Residual finiteness of HNN-extemions 409 the base group AT is a finitely generated abelian group, a simple necessary and sufficient condition for the group G to be residually finite was given. In the present paper we generalize the results of [1] to the case where the base group is a finitely generated nilpotent group. M. Shirvani, in [8] and [9] , gives a necessary condition for an amalgamated free product or an //AW-extension to be residually finite in the case where the factors of the amalgamated free product or the base group of the //AW-extension satisfy a non-trivial law. Here we give an independent proof of these results of Shirvani in the special case, where the factors of the amalgamated free product or the base group of the //AW-extension are finitely generated nilpotent groups.
The concept of filtration (Definition 4 below) was introduced by G. Baumslag in [3] and used to prove that the existence of a suitable filtration implies the residual finiteness of the amalgamated free product of residually finite groups. Here we prove that the existence of suitable nitrations depends upon internal conditions satisfied by the groups (factors, base group, associated subgroups and q>) which take part in the relative constructions.
Our main results are contained in the following Theorems: 
(The symbol <y means "is normal and of finite index in".) PROOF. Suppose that the group G is 3Z3~. Let (G t ) ieI be the family of normal subgroups of finite index in G. So g € n , € / K e r 0 .
q>) be the HNN-extension of the finitely generated nilpotent group K, the associated subgroups A and B being proper. Suppose that the group G is 3H7. Then there exists an (A, B, <p)-filtration
PROOF. AS in the previous Lemma, since the associated subgroups are proper subgroups of K, we can prove that if (G,), €/ is the family of normal subgroups of finite index in G, then the family N f = KnG ( 
iel.
COROLLARY 2.1. Let G = (t, K\t~lAt = B, <p) be the HNN-extension of the finitely generated nilpotent group K. If the associated subgroups A and B are proper subgroups of K and B < A (or A < B), then the group G is not
The assumption, in the corollary above, that the subgroups A and B are proper subgroups of K, is necessary, since if K = A we have: PROPOSITION 
Let K be a finitely generated nilpotent group without elements of finite order, B < K and <p: K -> B an isomorphism. If G = (t,K\t~xKt = B, (p) is the corresponding HNN-extension, then G is &&.
PROOF. This is a combination of Lemmas 1 and 2, since the free product with amalgamation of finite groups is 319 (Theorem 2 of [3] ). THEOREM 
Let G = (t, K\C X At = B, <p) be the HNN-extension of the finitely generated nilpotent group K, the associated subgroups A and B being proper. The group G is 319 if and only if there exists an (A, B, (p)-filtration
PROOF. AS above, this is immediate from Lemmas l' and 2' since an //7VW-extension of a finite group is 3Z9 (Theorem 3.1 of [4] ).
In the above two Theorems we give a necessary and sufficient condition for the residual finiteness of free products with amalgamation or HNNextensions of finitely generated nilpotent groups. As we noted in the introduction this condition was proved sufficient by G. Baumslag in [3] and necessary by M. Shirvani in [8] and [9] .
Using the fact that the groups we use for our contructions are finitely generated nilpotent, we can give another formulation of Theorems 4 and 5. 
, M t ) i&i is an (A, B, ^)-filtration of the pair (K, L) and the group G is THEOREM 5*. With the hypothesis of Theorem 5, the group G is ^^ if and only if there exists a torsion-free subgroup N < f K such that (A n N)q> = B n N and the subgroups AnN, B n N are isolated in N.
PROOF. The proof is similar to the proof of the previous Theorem. So we omit it. COROLLARY 
With the hypothesis of Theorem 4, we have: i) If the amalgamated subgroups A and B are of finite index in K and
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L, then the group G is M^ if and only if there exist TV < K, M < L such that N <, A, M < f B and N(p = M. ii) If the factors K and L are torsion-free and the amalgamated subgroups A and B isolated in K and L, then the group G is M^. iii)
iii) Since 6 is an isomorphism of K and L, it is easy to see that 
Case ii) in the previous Corollary is Theorem 5 of [3] and case iii) is related to Theorem 10 of [3] .
We have a similar Corollary for //TVTV-extensions. COROLLARY 
With the hypothesis of Theorem 5, we have: i) If the associated subgroups A and B are of finite index in the base group K, then the group G is 31^ if and only if there exists H < , K such that Hip -H. ii) If the base group K is torsion free and the associated subgroups A and B isolated in K, then the group G is &Z&~. iii) If the base group K is torison free and there exists an automorphism
6 of K such that 9^A = <p, then the group G is PROOF. The proof is similar to the proof of the previous Corollary, so we omit it.
Case ii) in the previous Corollary is an application of Theorem 4.2 of [4, page 189] and case iii) is derived from Lemma 4.4 of [4] , since a finitely generated nilpotent group satisfies condition 4.3 of [4] .
Since the case of //JViV-extensions one of the associated subgroups can be the whole base group, Proposition 3 and Theorem 5* give: COROLLARY 
The HNN-extension G = (t, K\t~l At = B, <p) of the finitely generated torsion free nilpotent group K is &^ if and only if either i) K = A (or K = B),or ii) A^K ^ B and there exists N < f K such that (AnN)<p = BnN and the subgroups An N and BnN are isolated in N.
As we can see in case iii) in either of the Corollaries 4.1 and 5.1, the possibility of extending the isomorphism of the associated subgroups to an isomorphism of the factors (or to an automorphism of the base group, in the case of //AW-extensions) is a sufficient, condition for the residual finiteness of these groups. We shall prove that this condition is (partially) necessary in the following sense: The factors (or the base group) can be embedded in suitable finitely generated nilpotent groups such that the isomorphism of the associated subgroups comes from an isomorphism of their isolated closures in these groups. THEOREM Similarly we can prove that, if we have a finitely generated torsion-free nilpotent group K, A, B<K, <p: A^B an isomorphism and an {A i B, <p)-filtration of K, then we can extend the isomorphism <p to an isomorphism 0: i x {A) -> i x (B) , where X is a finitely generated torsion-free nilpotent overgroup of K.
Let K, L be finitely generated torsion-free nilpotent groups with A < K, B < L and q>: A -> B an isomorphism. Suppose that there exists an (A, B, <p)-filtration
It is worth remarking that the previous Theorem does not involve free products with amalgamation but deals with two properties of torsion free nilpotent groups. (The existence of an appropriate filtration implies the extension of isomorphisms.)
The study of the residual finiteness of free products with amalgamation and //iVW-extensions of finitely generated nilpotent groups, in all cases above, makes use of the concept of filtration. In this way we try to see, if these groups are residually 8? where 8? is the class of the free-by-finite groups, which we know are £%&'. We will give another sufficient condition, which may replace the condition of the existence of an appropriate nitration in a wide class of free products with amalgamation and T/JVW-extensions. DEFINITION We note that Theorem 9 of [3] is a Corollary of 7.1 i), since finitely generated polycyclic groups are &£?. PROOF. This is a consequence of Corollary 7.1, Lemma 2 and Theorem 6.
In [3, Theorem 4] G. Baumslag proves that the free product with amalgamation of two finitely generated torsion-free nilpotent groups is always free [13] d € f) i€[ N ( , where (N ( ) (£/ is the family of normal subgroups of finite index in G. So n, 6 / N t is not free.
